Asphericity and small cancellation theory for rotation 

family of groups. 
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Abstract 

Using small cancellation for rotating families of groups, we construct new examples of 
aspherical polyhedra. 
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Introduction 

The goal of this article is to produce new examples of aspherical polyhedra. The example we 
have in mind is the following: let P be an aspherical simplicial complex and Q a subcomplex of 
P. We define P by attaching on P a cone of base Q. We are looking for some conditions under 
which P remains aspherical. This kind of situation was already studied by J. H. C. Whitehead 
in the 1940's. In |Whi41 and |Whi46 he studied the second homotopy group of a space P 
obtained by attaching 2-cells on a cell complex P. He proved that -K2 (P) exactly describes 
the identities between the relators that define the projection 7Ti (P) — > tti [P)- 

Our main example of application is the following. Let H n (C) be the complex, n-dimensional, 
hyperbolic space. We consider SO(n, 1) as the stabilizer of the real hyperbolic space H n (R) in 
H»(C). Let G C SU{n, 1) be a real lattice, i.e. a lattice of SU(n, 1) such that H = GnSO{n, 1) 
is still a lattice of SO(n, 1). We want to study the group G/ <C H ;§>. 

Theorem. There exists a finite index subgroup G' of G with the following property. Let H' 
be the group G' (~l SO(n, 1). Let P be the space obtained by attaching on H n (C)/G' a cone of 
base U„(R,)/H'. The complex P is a classifying space for the group G' = G' / <§C H S>. 



This situation is similar to a result of N. Bergeron in |Ber03] who proved that the map 
from the homology associated with H„(R)/GnSO(n, 1) in the one of H n (C)/G is one to one. 
We also establish some analogue statements to our theorem for the pairs (SO(n, 1), SO(k, 1)), 
(SU(n, 1), SU(k, 1)) and (Sp(n, 1), Sp{k, 1)). 

Our strategy consists to endow the space P with a local hyperbolic geometry and to apply 
a version of the Cartan-Hadamard theorem. This will prove that the universal cover X of 
P i s globa lly hyperbolic. We deduce then the asphericity from a kind of Rips' theorem (cf. 
Th. 1.3.41: if X is a hyperbolic simplicial complex, it is sufficient to prove that X is locally 



contractible. This last local assumption follows from the property of the developing map. 

The hyperbolic structure on P is constructed as follows. Given a subcomplex Q of P, we 
endow the cone of base Q with a metric modelled on the hyperbolic disc. An argument of 
Berestovskii tells us that if Q is CAT(l) then the cone is CAT(-l) (see |BH99] ). In particular 
it is hyperbolic. The problem consists then to find some conditions so that the complex P 
remains locally hyperbolic. 

With this aim in mind, we explore an idea of M. Gromov (see |Gro03j ) to extend the small 
cancellation theory to a so called "rotation family" of groups. If X is a metric space and G a 
group acting on X by isometries, a rotation family is a pairwise distinct collection (Yi, Hi) i£I 
such that 

- Hi is a subgroup of G stabilizing Yi C X. 

- There is an action of G on I compatible with the one on X (i.e. for all g 6 G, for all 

i e /, Y gi = gYi and H gi = gHig~ x ). 

In order to study such a family, we introduce two quantities that respectively play the role of 
the smallest piece and the largest relator in the usual small cancellation theory. The constant 
A measures the overlap between two Yi's whereas p is the minimal translation length of an 
element that belongs to a JJ,. 

Given a rotation family, we define the cone-off over X, denoted by X, by attaching over 
X cones of base Yi. We consider the space P = X/G where G = Gj <C Hi 3>. The small 
cancellation provides us a framework where it is possible to endow P with a local hyperbolic 
geometry. Moreover this theory recovers the usual small cancellation (see |LS77] or |01'9l] ) 
and the small cancellation with graphs as well (see |Gro03| or |O1106] ). 

We describe the space P as an orbifold using two kind of charts: the cones and the cone- 
off. The second part of the article is dedicated to the study of the geometry of the cones. 
Adapting an argum ent of Berestovskii, we prove that, the cone over a hyperbolic space remains 



hyperbolic (cf. Th. 2.3.2|. The third part deals with the cone-off X. In particular we prove 
the following fact. Under small cancellation assumptions, the cone-off over a hyperbolic space 
is still hyperbolic (cf. Th. 3.4.2[). W e choose for this proof an asymptotical point of view that 



involves ultra-limits as in [Dru02]- The main technical lemma consists to switch the cone-off 
construction and the ultra-limit: given a sequence of metric spaces X n , we prove (see Cor. 



3.4.9l that there exists a local isometry between the cone-off over the ultra-limit of X n and 
the ultra-limit of X n . The fourth part mixes all the previous ingredients in order to obtain the 
following theorems. 

Theorem (cf Th. |4.2.T| . There exist two positive numbers So and Ao satisfying the following 
property. 

Let X be a geodesic, simply connected, S-hyperbolic space and G a group acting properly, 
by isometries on X. Let (Yi, -Hj)jgj be a rotation family, such that each Yi is strongly- quasi- 
convex. 

Let N be the normal subgroup of G generated by the Hi 's and G the quotient group G/N. 
Assume also that 

S , A 

— ^ oo and — ^ Ao 

P P 

Then, X is simply connected and hyperbolic and G acts properly by isometries on X. 
Moreover if G (respectively Hi) acts co- compactly on X (respectively Yi) and I/G is finite, 
then X/G is compact. In particular G is hyperbolic. 



Theorem (cf Th. 4.3.71. Under the same hypotheses, if X is a n-dimensionnal simplicial 



complex such that every closed ball of X or Yi is homotopic to zero, then X is contractible. 
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Remark : In some cases, the space P = X/G may be endowed with a sharper geometry that 
the hyperbolic one. For instance, M. Gromov constructed in a similar way CAT(-l) polyhedra 
in order to produce infinite torsion groups (see [GdlH90 Chap 12]). In [Gro Olb] M. Gromov 
introduced the notion of CAT(-l,e) spaces, a e-pertubated version of CAT(-l)-spaces. This 
provides another framework to study small cancellation constructions that is not asymptotic. 

In the last part, we explain how to construct examples of rotation family that satisfy the 
small cancellation assumptions. To that end, we use the geometry of lattices and a result of 
N. Bergeron about the profmite topology of finitely generated linear groups [BerOO . It leads 
to these new examples of aspherical polyhedra. 

Question : Let G be as previously a real lattice of SU(n, 1) and H the subgroup Gfl 
SO(n, 1). Does G = Gj < H > have the Kazdhan property (T) ? 

Acknowledgements. I am grateful to Thomas Delzant for his invaluable help and advice 
during this work. Many thanks also go to Nicolas Bergeron who explained me how to use the 
profmite topology. 

1 Hyperbolic spaces 

Let X be a metric space. If x and x' are two points of X, we denote by \x' — x\ x (or simply 
\x' — x\) the distance between them. Although it may not be unique, we denote by [x,x'\ a 
geodesic joining x and x' . Given a base point x, the Gromov product of two points y and z is 
defined by 

(v> z )x = g (\V ~ x \ + \ z ~ x \ - \ z ~ V\) 
Let S be a non negative number. The space X is 5-hyperbolic if for all x, y,z,t £ X, we have 
(x,z) t mm{{x,y) t , (y, z} t \ — 8. R-trees are very special examples of hyperbolic spaces. 

Proposition-definition 1.0.1 f |GdlH90l Chap 2. Prop 6] or |CDP90I Chap. 3 Th. 4.1]). An 

R-iree is a geodesic space such that every two points are connected by a unique topological arc. 
A metric space is an R-iree if and only if it is geodesic and O-hyperbolic. 

Definition 1.0.2 (Quasi-isometry). Let r) be a non negative number. A {l,rf)-quasi-isometry 
is a map f : X — > Y between two metric spaces such that for all x, x' G X, we have 

\x' — x\ — r\ ^ \ f(x') — f(x)\ ^ \x — x\ + r\ 

The next result is a very easy case of the stability of quasi-geodesics. An asymptotic proof 
of this fact for a general (A, fc)-quasi-isometry can be founded in |Cou08j . 

Proposition 1.0.3. Let S be a non negative number. For all 5' > S, there exists r\ > 
satisfying the following property. Let X be a metric space and Y a ^-hyperbolic space. If there 
exists a (\^r\)- quasi-isometry from X to Y , then X is 5' -hyperbolic. 

Proof. Let / : X — > Y be a (1, r;)-quasi-isometry. For all x,y, z £ X we have 

(f(x),f(v)) fW ~ \-n < {x,y) z < (f(x),f(y)) f(z) + |r? 
It follows that for all x, y,z,t G X, 

(X,z) t > (f(x),f(z)) m -~TI 

> min|(/(x),/(jy)) /{t) ,(/(y),/(z)) /(t) | -S - ~t) 

> mm{{x,y) t , {y,z) t } - (S + 3rj) 

Hence X is (S + 3r;)-hyperbolic. □ 

1.1 Ultra-limit of hyperbolic spaces 

Let us recall the definition of the ultra-limit of a sequence of pointed metric spaces and 
its link with hyperbolicity. For more details about this point of view see [DruOl], lDru02j or 
|DS05] . 
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A non-principal ultra-filter is a finite additive map u) : P(N) — > {0, 1} which vanishes on 
every finite subset of N. A property V n is cj-almost sure if w ( {n G N/7 3 ™ is true } ) = 1. A real 
sequence (u„) is oj-essentially bounded if there exists M G R, such that \u n \ ^ M, tj-almost 
surely. If I is a real number, we say that the o;-limit of (it n ) is I and write lim w u n — I, if for all 
e > 0, \l — u n \ ^ e w-almost surely. In particular, any w-essentially bounded sequence admits 
an a>-limit (cf. Bo ii71| ). 

Let (X n ,x°)be a sequence of pointed metric spaces. We introduce 

H U X„ = {(x n )/Vn G N, x„ G X n and (\x n — x n \) is ^-essentially bounded.} 

We endow this space with a pseudo-metric defined as follows: \(y n ) — (x n )\ = lim„ \y n — x„\. 

Definition 1.1.1 (Ultra-limit of metric spaces). Let (X n ,x n ) be a sequence of pointed metric 
spaces and uj a non-principal ultra-filter. The co-limit of (X n ,X n \ denoted by lim^ (X n ,X%) 
(or simply lim^, X n ) is the quotient of Tl^Xn by the equivalence relation which identifies the 
points at distance zero. 

The pseudo-distance on Yl^Xn induces a distance on lim„ X„. 
Notation : 

(i) If (x n ) is an element of Yl u X n , its image in lim^ X n is denoted by lim^ x n . 

(ii) For all n G N, let Y n be a subset of X n . The set lim„ Y n is defined by 

lim Y n = \ \ixay n / (\y n — x n \) is oj-essentially bounded and y„ G Y n a>almost surely > 

Proposition 1.1.2. Let to be a non-principal ultra-filter. Let (S„) be a sequence of non negative 
numbers which admits a Lu-limit 8. Let (X„,i„) be a sequence of pointed metric spaces. If for 
all n G N, X n is S„ -hyperbolic, then the limit space lim^ X n is S-hyperbolic. 

Proof. Let x — lim^ x n , y = lim^ y n , z — lim^ z n and t — lim^ t n be four points of lim„ X n . 

Since X n is <5 n -hyperbolic we have for all n G N, (x n ,z„) tn > min j (x„, TJn) tn , {yn,z n ) t \ — 

8 n . Taking the w-limit, we obtain {x,z) t ^ min { (a;, y) t , (y, z) t } — 8. Thus lim^ X n is 8- 
hyperbolic. □ 

Corollary 1.1.3. Let u be a non-principal ultra-filter and (8 n ) a sequence of non negative 
numbers such that lim^ 8 n = 0. Let (X re ,a;°) be a sequence of pointed geodesic spaces. If for 
all n G N, X n is 8 n -hyperbolic, then the limit space lim^ X n is an R-iree. 

Proof. The tj-limit of a sequence of geodesic spaces is still geodesic (cf. |Pap96 ). It follows 
that lim„ X n is a geodesic, 0-hyperbolic metric space. Hence lim^ X n is an R-tree. □ 

Proposition 1.1.4. Let w be a non-principal ultra-filter and 8 a non negative number. Let 
(X n ,x°) be a sequence of pointed metric spaces whose diameter is bounded. If lim^ X„ is 8- 
hyperbolic, then for all 8' > 8, X„ is 8' -hyperbolic uj-almost surely. In particular there exists 
n G N such that X„ is 8' -hyperbolic. 

Proof. Assume that the proposition is false. Then lim^ X n is 5-hyperbolic. Nevertheless there 
exists 8' > 8 such that X n is tj-almost sure not ^'-hyperbolic Thus we can find four sequences 
(x„), (yn), (zn) and (t n ) satisfying the following properties: 

(i) for all n G N, x„, y n , z„, t n G X„ 

(ii) (x n ,Zn) tn < min|(a; n ,2/ n ) tn ,{y ny z n } t ^ —5', w-almost surely 

Since (diam(X n )) is bounded, these four sequences define four points of lim^ X n , respectively 
x, y, z and t. After taking the w-limit in the previous inequality we obtain 

{x,z) t < mm{{x,y) t , {y,z) t } - 8' < mm.{{x,y) t , {y,z) t } - 8 

Hence lim„ X n is not (5-hyperbolic. Contradiction. □ 
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1.2 Quasi-convexity 

If X is a geodesic space, there is an other way to characterize the hyperbolicity using geodesic 
triangles. Let 8 be a non negative number. A geodesic triangle is <5-thin if each one of its sides 
is contained in the ^-neighbourhood of the union of the two others. 

Proposition 1.2.1 (cf. |CDP90I Chap. 1 Prop. 3.6] or |GdlH90l Chap. 3 §2]). Let 8 be a non 

negative number. Consider a geodesic space X. 

(i) If X is 8 -hyperbolic, then every geodesic triangle of X is 45-thin. 

(ii) If every geodesic triangle of X is S-thin, then X is 88 -hyperbolic. 

Corollary 1.2.2. Let x, x , y and y' be four points of a geodesic 8-hyperbolic space X. If u 
is a point of [x, x] such that \u — x\ > \y — x\ + 8<5 and \u — x | > \y — x'\ + 88, then u lies in 
the 88 -neighbourhood of [y, y']. 

Proof. Since the triangles [x,y,y'] and [x,x',y'] are 45-thin, we can find a point v in [x,y] U 
[y,y'] U [y',x'] such that \v — u\ ^ 8<5. Assume that v G [x, y] (the other case is symmetric). 
The triangle inequality gives 

| it — a; | ^ \u — v\ + \v — x\ ^ | y — x\ + 88 

Contradiction. Finally u lies in the 85-neighourhood of [y, y']. 

□ 

Definition 1.2.3 (Quasi-convexity). Let a be a non negative number. A subset Y of a geodesic 
metric space X is a-quasi-convex if every geodesic between two points of Y is contained in the 
a-neighbourhood of Y. 

Notation : We denote by Y +a the a-neighbourhood of Y. 

Proposition 1.2.4 (compare {D G08I Lemma 2.2.2]). Let 8, a 0. Let X be a geodesic 8- 
hyperbolic space. If Y and Z are two a-quasi-convex subsets of X, then for all A ^ we 
have 

diam (y +a n Z +A ) <: diam (Y +a+10S n Z +a+ws ) +2A + 208 

Proof. Let x and x' be two points of Y +A n Z +A and assume that \x' - x\ > 2A + 208. We 
introduce 

(i) two points t and t' of [a;, x'] such that \t — x\ = \t' — x'\ = A + 108 

(ii) two points y and y' of Y such that \y — x\ , \y' — x'\ ^ A + 8 



Applying the corollary 1.2.2 t belongs to the 85-neighbourhood of [y, y'}. Since Y is a-quasi- 
convex, [y, y'} lies in the a-neighbourhood of Y. Hence t G Y +a+10S . We prove by the same 
way that t G z +a+los . The same fact holds for t' . Thus 

\x - x\ - 2A - 208 = \t' - t\ < diam (Y +a+los n Z +a+ws ^ 

The above inequality is true for all x, x' G Y +A n Z +A , hence 

diam (Y +A n Z +A ) < diam (Y +a+ws n Z +a+10 ^ +2A + 208 

□ 

Corollary 1.2.5. Let u> be a non-principal ultra-filter, and (8 n ) a real sequence such that 
lim„ 8 n = 0. For all n G N, let (X n , x„) be a pointed, geodesic 8 n -hyperbolic space and Y„, Z n 
two 103 n -quasi-convex subsets of X n . Let X = lim^ (X n , x^), and Y = lim^ Y n , Z = lim^ Z n . 
We have 

diam(F n Z) ^ limdiam (Y+ 205rl n Z+ 2(W ") 

Proof. Let x and x' be two points of Y n Z. Since x, x G Y, we can find two sequences (t/„) 
and (y' n ) such that x — lim^TM, x' = lim^ y' n and y n ,y' n S Y n o;-almost surely. Moreover x 
and x' belong to Z, thus if A > is given y n and y' n belong to Z„ A tj-almost surely. Using 
the proposition |1.2.4| we have 



■L - y n \ < diam (y+ a n Z+ A ) < diam (y+ 20S * n Z+ 20Sn ) +2A + 



208 n 



By taking the a;-limit, we obtain \x' - x\ < lim„ diam (Y+ 20Sn n Z+ 205n ) +2A. This inequality 
is true for all A > and x, x' € Y n Z, thus diam(F n Z) < Em w diam (Y+ 20Sn n Z+ 20Sn ) . □ 
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We need in the third part a little stronger condition than the quasi-convexity. 

Definition 1.2.6. Let X be a 5-hyperbolic space. A subset of X is strongly quasi-convex if for 
all x,x' £ Y there exist p,p' £ Y such that \x — p\ , \x' — p'\ ^ 10(5 and the path [x,p] U [p,p'\ U 
[p', x'] lies in Y . 

Remark : Since any geodesic triangle of X is 45-thin, any strongly quasi-convex space is 
105-quasi-convex. Given a 105-quasi-convex subset Y of X, there is a way to find a subset of 
X, a little larger than Y that is strongly quasi-convex. To that end, we introduce the cylinder 
of a subset. 

Definition 1.2.7. Let Y be a subset of a geodesic 5-hyperbolic space X. The cylinder of Y , 
denoted by cyl(Y), is the set of all points which are in the 108-neighbourhood of a geodesic of 
X joining two points of Y. 

Lemma 1.2.8. Let Y be a 105-quasi-convex subset of a geodesic, 5-hyperbolic space X. The 
set cyl(F) C Y +20S is strongly quasi-convex. 

Proof. By definition of quasi-convexity, any geodesic joining two points of Y lies in Y +10S . It 
follows that cyl(Y) C Y +20S . Let x and x' be two points of cyl(Y). By definition there exist 
two points of Y, y\ and 3/2 (respectively y[ and 2/2) such that x (respectively x') belongs to 
the 10<5-neighbourhood of [2/1,1/2] (respectively [2/1,2/2])- We introduce p and p' the respective 
projections of x and x' on [2/1,2/2] and [2/1,2/2]- 

- By construction the geodesic segments [x,p] and [p',y'] are contained in cyl(Y) and 
smaller than 105. 

- Since the triangles [2/2, p,p'] and [2/2, 2/2, p'] are 45-thin, [p,p'] stays un the 85- neighbourhood 
of [p, t/2] U [2/2,2/2] U [j/2,p']- However these segments are parts of geodesies between two 
points of Y. Thus \p,p'] C cyl(Y). 

Finally [x,p] U [p,p'] U [p',x'] lies in cyl(Y). 

□ 

1.3 Asphericity 

Notation : If X is a simplicial complex, we denote by X^ ' its fc-skeleton. 

In this part we prove a version of the famous Rips' theorem: a hyperbolic simplicial complex 
which is locally aspherical is globally aspherical. Let X be a metric space and d a positive 
number. The Rips' polyhedron of X denoted by Pd(X) is a simplicial complex defined as 
follows. The simplices of Pd(X) are the finite subsets of X which diameter are less than d. 
It is known f |Gro871 Section 2.2]) that if X is geodesic 5-hyperbolic, then for all d ^ 45 the 
polyhedron Pd(X) is contractible. More precisely, we have the following proposition. 

Proposition 1.3.1 (cf. |CDP90I Chap. 5 Prop 1.1]). Let X be a geod esic, 5-hyperbolic space. 
Let d^ 45 and n £ N. The polyhedron -P^" +1 ' (X) is n-connected. 

Before studying the case of an arbitrary simplicial complex, we prove the following propo- 
sition. 

Proposition 1.3.2. Let X be a n-dimensional simplicial complex. Let d 1. Assume that 
for all r ^ 2nd and for all x £ X the closed ball B(x, r) is homotopic to zero in B(x, r + d), 
then there exist two maps: f : X -> P { d n+1) [x (0) \ and g : P]" +1) -> X such that gof 

is homotopic to idx- 

Proof. In this proof we denote by P the (n + l)-skeleton of the Rips' polyhedron Pd (^X^^j. 

We define / : X^ — + P by f(x) — {x}. Let k n. If a is a fc-simplex of X, its diameter is 
less than 1. Thus the set of its vertices defines a fc-simplex of P. Hence, / induces a simplicial 
map from X in P. We now define by induction a map g : P — > X. 

First we define a map g {0) : P (0) -> X by (? (0) ({x}) = x. 
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Assume now, that there is a continuous map g^ k ' : P^ X with the following prop- 
erty: for all Z-simplex a of P^\ there is a vertex x of a such that g^ k \o~) is contained in 
B(g^ k \x),2ld). Let a be a (k + l)-simplex of p( fe +i) whose faces are ao, ■ ■ ■ , <Tk+i- Choose 
a vertex x of a. The application g^ k ' maps the border da = U^o ai on ^° a fc-sphere of X 
contained in B(g^ k \x), (2fe + l)d). However this sphere is contractible in B(g^ k ' (x), 2(k + l)d). 
We define g( k+1 >(a) by choosing a homotopy which contracts g ( - k \da) to a point. This defines 
a continuous map </ fc+1 ' : p( fc+1 ' P which coincides with g^ on P'*' and satisfies the 
following property: for all /-simplex a of p( k+1 \ there is a vertex x of a such that g^ k \cr) is 
contained in B(g (k) (x), 2ld). Finally we define g = g (n+1) . 

Lemma 1.3.3. For all k ^ n there is a continuous map 
the following properties: 

- H [x«X{0} = id zW and H{k) \xWy{l\ = 9 ° f\xW 

- for all l-simplex a of X^ k \ there is a vertex x of a such that H^ k \o~ X [0, 1]) is contained 
in B(x, (21 + l)d). 

Proof. We prove this result by induction on k. The restriction of g o / to X' ' is the identity, 
thus the proposition is obvious for the 0-skeleton. 

Assume now that the lemma is true for fe ^ n— 1. Consider a (k + l)-simplex a of X ( - h+1 \ 
We chose a vertex x of a. By definition of g the set g o f(a) is contained in B(x, (2k + 2)d). 
Moreover, the induction assumption gives that, H^(da x [0, 1]) C B(x, (2k + 2)d). Thus the 
subset aUH {k) (da x [0, l])U#o f(a) is a (k + l)-sphere of X contained in B(x, (2k + 2)d). This 
sphere is therefore contractible in B(x, (2fc + 3)d). By choosing a homotopy which contracts it 
to a point, we define a map : a X [0, 1] — > X such that 

(i) tf( fc+1 > | CTX{0} = id CT and | CTX{1} =g°f\ a 

(ii) ff^ +1 V x[0 ,i] =H^\ 9t7X[0A] 

(iii) H (k+1) (o x [0, 1]) C B(x, (2k + 3)d). 

This defines a map H^ k+1 ^ : X ( - fc+1 ' x [0, 1] which satisfies the properties of the lemma. □ 



End of the proof of the proposition 1.3.2 The map : X x [0, 1] -» X is 



a 



homotopy between g o f and idx- □ 

Theorem 1.3.4. Let X be a 5-hyperbolic, n- dimensional, simplicial complex. Assume that for 
all r ^ 4nS and for all x £ X, the ball B(x,r) is homotopic to zero in B(x,r + A3), then all 
homotopy groups of X are trivial. Hence X is contractible 



1.3.1 



the Rips' polyhedron P = P^ 1+1) ( X (Q) ) is 



Proof. We fix d = 4<5. Using the proposition 
n-connected. Moreover, the fact that the small balls are aspherical gives two maps / : X — » P 
and g : P — + X such that g o / is homotopic to idx- It follows that X is also n-connected. 
Since X is n-dimensional, all the higher homotopy groups of X are trivial. □ 



2 Cone over a metric space 

In this section we prove an asymptotic version of the Berestovskii's theorem concerning the 
hyperbolicity of a cone with a locally hyperbolic base. From now on, we fix a positive number 
ro which value will be precise in section [4] 

2.1 Definition 

Definition 2.1.1. Let Y be a metric space. The cone overY, denoted by C(Y) is the quotient 
ofYx [0, ro] by the equivalence relation defined as follows. Two points (j/i,J"i) and (^2,^2) are 
equivalent if n = r-z = or = (^2,^2). 

Notation : The equivalence class of (y, 0), called the vertex of the cone, is denoted vy (or 
simply v). The equivalence class of any other point (y,r) is still denoted by (y,r). 
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Hyperbolic metric on a cone 

We define a metric on C(Y) as M. Bridson and A. Haefliger do in |BH99I Chap 1.5]. If y and 
y' are two points of Y , we introduce the angle 9 (y, y') defined by 9 (y, y') = min i^n, [ f nh ^ ■ 

Proposition 2.1.2 (|BH99 Chap. 1.5 Prop. 5.9]). The following formula defines a distance 
on the cone C(Y,ro). 

| (j/'i r ') ~ (j/i r )| = arccosh ^ cosh r cosh r — sinh r sinh r cos 9 (tj, y') J (1) 
Remarks : 

- The distance on the cone has the following interpretation. Given two points (y, r) and 
(y',r') of C(Y), the distance between them is the distance between two points of the 
hyperbolic disc respectively distant from the centre of r and r' such that the central 
angle between them is 9 (y,y'). 

- It is important to notice that \(y',r') — (y,r)\ is a continuous function of y, y' , r and r . 

- The cone C(Y) is the ball of centre v and of radius ro of the space defined 
in [BH99] Chap. 1.5]. 

Proposition 2.1.3 f |BH99l Chap. 1.5 Prop. 5.10]). Let (y,r) and (y',r) be two points of 
C(Y,r ) 

(i) If r, r > and 9 (y, y') < 7T, then there is a bijection between the set of geodesies joining 
y and y' in Y and the set of geodesies joining (y,r) and (y',r') in C(Y). 

(ii) In all other cases, there is a unique geodesic joining (y,r) and (y',r'). 
Examples : 

(i) If Y is a circle, endowed with its length metric, which perimeter is 27rsinhro, then the 
cone C(Y) is the hyperbolic disc of radius ro. 

(ii) If Y is isometric to a line, then C(Y) \ {v} is the universal cover of the punctured 
hyperbolic disc of radius ro. 

Relation between the cone and its base 

In order to compare the cone C(Y) and its base Y, we introduce two maps: 

i : Y -> C(Y) p : C(Y) \{v} -> Y 

V -> iv,ro) (y,r) -> y 

Proposition 2.1.4. Let (y,r) and (y , r ) be two points of C(Y). 

(r + r) QSy±y^l ^ j r ') — (y ; r) I ^ |r' — r| + V sinh r smhr'6* (y, ?/) 

In particular, if x is a point of C(Y) whose distance to v is at most ^P-, then for every point 
x in the ball B (x, r f) we have \p(x') - p(x)\ Y < 27rs ^ hr ° \x' - x\ c(Y) . 

Proof. The first inequality follows from the facts that 

- the map t — » arccosh (1 + a(l — cost)) is concave 

- for all t 0, arccosh(a + 1) ^ arccosh(a) + V2i 

Consider now a point x = (y,r) of C(Y) whose distance to v is at most If x' — (y',r') 
belongs to the ball B (x, then \x' - x\ < ^ < r < r + r'. It follows that 9 (y,y') < ir. 
Using the previous inequality, we obtain = — ^\ — \y' — y\ ^ . T — \y — y\ ^ \x' — x\ □ 

or- l j 5 2tt smn rp I ,y ° I 7r Sinn ro 1 ° "I I 

Proposition 2.1.5. Let n : R + — » R + , be the map defined by Vy, y' G Y, |i(y') — ^(j/)| = 
fi(\y' — y\). Then fi is non decreasing, continuous, concave map satisfying the following prop- 
erties 

(i) Vi,i' ^ 0, fi(t + t') sC (i(t) + fi(t') (subadditivity) 
(*) W > °» dwlw min{7rsinhro,t} SC n(t) SC t 
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Proof. By construction, the map fi is defined by 

fx(t) — arccosh ^cosh 2 ro — sinh 2 ro cos ^min ^7r, - 
The properties of /j, follow from its concavity (cf Fig. [T]). 



t 

sinh ro 




Figure 1: Graph of /i 



□ 



2.2 Cone and hyperbolicity 



Lemma 2.2.1. Let lo be a non-principal ultra-filter. Let (Y n ,yn) be a sequence of pointea 
metric spaces. For all n € N, we denote by Y„ the space Y n endowed with the following metric, 



\y 



y\y n = mm |7rsinhr , \y' - y\ Yn }- The spaces C (lim u (Y n ,y'l^ and lim„ (C(Y„), )) 
are isometrics. 

Proof. Let denote by Y the space lim^, (Y n , y^j . We introduce a map / : C(Y) — > lim^ C(Y n ) 
defined by /(lim^ y n , r) — lim tlJ (y n ,r). Since the formula ([I]) giving the distance in a cone 
is continuous, the map / preserves the distances. Consider now a point x = \im u} (y n ,r n ) of 

lim„ C(Y„). By construction, the sequences (r n ) and (\y n — ) are bounded. Thus, we 
may introduce the real number r = lim^ r n and the point y — lim^ y n of Y. Furthermore, 
\f(y,r) - x\ = lim|(y n ,r) - (y„,r n )\ = lim|r - r„\ = 



It follows that f(y, r) — x. Hence / is onto. 



□ 



Lemma 2.2.2. Let Y be a metric space. If every ball of radius 7rsinhro of Y is an R-iree, 
then the cone C(Y) is CAT(-l). In particular this cone is In 3-hyperbolic. 

Proof. Let T be a geodesic triangle of Y whose diameter is less than 27rsinhro. It is contained 
in a ball of radius 7rsinhro. It follows that T is 0-thin. Consequently the rescaled space in ^ 
is CAT(l) (cf |BH99j ). Using a Berestovskii's theorem (cf. |BH99I Chap. II. 3 Th. 3.14]), the 
cone C(Y) is CAT(-l). In particular it is In 3-hyperbolic. □ 

Proposition 2.2.3. Let e > 0. There exists 5 > satisfying the following property. Let X 
be a geodesic space such that each ball of radius 7rsinhro of Y is 8-hyperbolic. Let Y be a 
WS-quasi-convex subset of X. The cone CiY) is (In 3 + e) -hyperbolic. 

Proof. Assume that the proposition is false. For all n € N, we can find 

- a geodesic space X n , whose balls of radius 7rsinhro are <5 n -hyperbolic, with 8 n = o(l) 

- a 10<5 n -quasi-convex subset Y n of X n 

such that the cone C'(Y n ) is not (In 3 + e)-hyperbolic. We denote by X n , the space X n endowed 
with the following metric, \x' — x\j^ = min |-7r sinh ro, \x' — x\ x X, The set Y n viewed as 

a subspace of X n is denoted by Y n . We introduce a non-principal ultra-filter to, the limit 
space X = linio, X n and the subspace Y = lima, Y n . Each ball of radius 7rsinhro of Y n is 
<5„-hyperbolic. Hence each ball of radius 7rsinhro of Y is 0- hyperbolic. Moreover Y n is 108 n 
quasi-convex. It follow s that, for all y £ Y , the set Y fl B(y, 7rsinhro) is an R-tree. Using the 
previous lemma (2.2.2l, C'(Y) is In 3-hyperbolic. However, the lemma 2.2.1 tells us that C(Y) 
and lim^ C(Y n ) are isometrics. Thus there exists n £ N such that C(Y n ) is (In 3+e)-hyperbolic. 
Contradiction. □ 
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2.3 Group acting on a cone 



Definition 2.3.1. Let X be a metric space and a G group acting on X by isometries. For all 
g £ G the translation length of g, denoted by [g]x (or simply [g\) is 

[g]x = inf \gx-x\ 

The inactivity radius of G on X is ri nJ (G,X) = mi ge Q\^[g]x- 

Let Y be a metric space. We fix a group H acting by isometries on Y . We assume that 
this action is proper, that is for all y 6 Y and r > the set {h G H/h.B{y,r) PI B(y,r) ^ 0} 
is finite. We denote by Y the quotient Y/H and by y the image in Y of a point y £ Y. Since 
H acts properly on Y, the quotient Y may be endowed with a metric defined by \y' — y\ Y = 
ini heH \hy' - y\ Y 



We extend the action of H to the cone C(Y) by homogeneity: If x = (y, r) is a point of 
C(Y) and h an element of H, then hx is defined by hx = (hy,r). The group H acts by 
isometries on C(Y). Note that, if Y is not compact, this action is no more proper. However 
the relation \x' — x\ = mih^H \hx' — x\ c( ^ Y ^ still defines a metric on the quotient C(Y)/H. 
Moreover C(Y/H) and C(Y)/H are isometric. 

Theorem 2.3.2 (First hyperbolicity theorem). Let e > 0. There exists 8 > satisfying the 
following property. Let X be a S-hyperbolic, geodesic space and Y a 106-quasi-convex subset 
of X. Assume that H is a group acting by isometries on X such that H stabilizes Y and 
ri„j{H,Y) ^ 27rsinhro, then the space C(Y)/H is (ln3 + e) -hyperbolic. 



Proof. We introduce the constant S > given by the proposition |2.2.3) Let X be a 5-hyperbolic, 
geodesic space and Y a 10<5-quasi-convex subset of X. Assume that H is a group acting by 
isometries on X such that H stabilizes Y and ri n j(H,Y) ^ 27rsinhro. The spaces X/H 



and Y/H satisfy the assumptions of the proposition 
isometric to C(Y)/H, is (In 3 + e)-hyperbolic. 



2.2.3 



It follows that C{Y/H), which is 

□ 



3 Cone-off over a metric space 

The goal of this part is to study the large scale geometry of the cone-off. We give a detailed 
proof that under some small cancellation assumptions, the cone-off of a hyperbolic space is 
locally hyperbolic. We recall that ro is a fix positive number which value will be precise in 
section |4] 



3.1 Definition 

Let X be a metric space and Y = (Y;);£i a collection of subsets of X. For each i G I, we 
introduce the following objects. 

- d is the cone C(Yi) and Vi its vertex. 

- u : Yi — > d and pi : d\ {vi} — > Yi are the maps between the cone and its base defined 
in the previous part. 

Definition 3.1.1 (Cone-off over a metric space). The cone-off over X relatively to Y is the 
space obtained by gluing each cone d on X along Yi according to Li. We denote it by X(Y) 
(or simply X). 



Metric on the cone-off 

In this paragraph, we define a metric on the cone-off such that its restriction to a cone is 
the metric previously defined. To this end, one defines the metric as the lower bound of the 
length of chains joining two points. By this way we obtain a pseudo-metric. The goal here is 
to prove that it is also positive. 
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Let x and y be two points of X, we introduce 



\\y — x\\ = inf 



^ \y' — x'\ x u / x '> V S ^[ | Ci^j U X such that x — x' , y = y in X j> 



Definition 3.1.2. Let x and x' be two points of X . 

- A chain between x and x is a sequence C = [z\, . . . , z„) of points of X , such that Z\ = x 



and z m — x . Its length is 1(C) = X^jLi 1 11*7+1 — z i\ 



- Furthermore we introduce \x' — x\ x = inf {1(C) /C a chain between x and x'}. 
Recall that fx is the function defined in the proposition |2 . 1 . 5] by 

u(t) — arccosh (cosh 2 ro — sinh 2 ro cos ( min < ir, — * — I J J 
V V I sinhrojyy 

It has the following interpretation. If y and y' are two points of Yi, then the distance between 
(y,ro) and (y',ro) in d is fx(\y' — y\ x )- Obviously, | . \ x is a pseudo-metric. The following 
lemma is a consequence of the definition of || . ||. 

Lemma 3.1.3. Let x and x' be two points of X. 

(i) If there is i G I such that x,x' 6 Ci, then \\x' — x\\ = \x' — x\ c . In particular, if 



x, x g Yi, then \\x' — x\\ = n(\x' - 



x 



XJ 



(ii) If x, x' 6 X , but there is no i G I such that x, x G Yi, then \\x — x\\ = \x — x\ x . 
(Hi) In all other cases, we have ||x' — x\ = +oo. 
In particular, for all x,x' g X, \\x' — x\\ is nQx — x\ x ). 

Lemma 3.1.4. Let x and x' be two points of X. For all e > there is a chain C = (zi, . . . , z m ) 
between x and x such that 1(C) \x — x\ x + e and for all j G {2, . . . , m — 1}, Zj G X . 

Proof. Let e > 0. By definition there exists C = (z\, . . . z m ) a chain between a; and x' such 
that i(C) ^ \x' — x\ x + e. Assume that there is j G {2, . . . ,m — 1} such that 2j does not 
belong to X. It follows that Zj is strictly contained in a cone, that is there exists i G I such 
that Zj S Ci \ u{Yi). In particular there is only one point of (|_| ig j Ci) U X whose image in X 
is Zj. Using the triangle inequality, we have \\zj+i — Zj-i\\ ^ \\zj+i — Zj\\ + \\zj — Thus, 
the sequence C 1 obtained by removing the point Zj from C is a chain between x and x' shorter 
than C. Hence after removing all points of C which are not in X we obtain a chain satisfying 
the properties of the lemma. □ 

Lemma 3.1.5. For all i G / , j . \d and \ . \ x locally coincide: for all x = (y,r) 6 d \ li(Yi) 
if x' is a point of X such that \x' — x\ x ^ \\tq — t\, then x' G Ci and \x' — x\ x = \x' — x\ c .. 

Proof. Let i 6 I and x = (y, r) be a point of d \ Since x ^ n(Yi), ro — r > 0. Let x' 

be a point of X such that \x' — x\ x ^ j(ro — r). Let rj G ] 0, \ (ro — r) [. Using the previous 
lemma, there is a chain C = (zi, . . . , z m ) between x and x' such that 1(C) \x' — x\ x + r/ and 
for all j G {2, . . . ,m — 1}, Zj £ X. Assume that m ^ 3. Since x G C; \ tj(ii), we have 

ro - r < ||z 2 - < i(C) < |t' - + r/ < ^(r - r) 

Contradiction. Thus m = 2 and ||a;' — x|| = 1(C) ^ |(ro — r). Consequently x' belongs to d 
and \\x' — x\\ — \x' — x\ c . Finally for all r\ G ]0, \ (ro — r) [, we have 

\x' — x\ x |a;' — x| c | a?' — + r/ 

It follows that \x' — x\ x — \x — x\ c . □ 

Lemma 3.1.6. For all x, x G X , we have \x' — x\ x ^ f^(\x' — x\ x ). 



Proof. Let e > 0. Using the lemma 3.1.4 there exists a chain C = (z\, . . . , z m ) between x and 
x' such that 1(C) ^ \x' — x\ x + e and for all j G {1, . . . , m} s, Zj G X. The subadditivity of fi 
gives 

m — 1 m — 1 

3=1 3=1 

Thus for all s > we have — s| x ) ^ \x' — x\ x +e. It follows that \x' — x\ x ^ /tt(|a;' — 

□ 
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Proposition 3.1.7. | . \ x defines a metric on X. 

Proof. The only point to prove is the positivity of . \ x . Consider two points x and x' of X 
such that | x — x\ x = 0. There are two cases. 

(i) If there is i £ I such that x £ d\ u{Yi) or x' £ d\ (.»(!*), then, using the lemma 



x and x 1 both belong to d. Moreover \x' — x\ c . = \x' — x\ x = 0. Thus x 



3.1.5 



x 



(ii) If x and x' are both elements of X, then the lemma 3.1.6 gives fi(\x' — x\ x ) | x' — 
0. Hence |x' — xl y =0. It follows that x = x' . 



□ 



Projection of the cone-off on its base 

We introduce a map p from X \ {vi, i £ 1} onto X whose restriction to a cone d \ {vt} is p; 
and whose restriction to X is the identity. 

Proposition 3.1.8. Consider a point x of X such that the distance between x and any vertex 
of X is at most ?f. For all x £ B (x, we have \p(x') - p(x)\ x 27rs ;" hr ° \x' - x\ x . 



3.1.4 



there exists a 



Proof. Let e €]0, ^[. Consider a point x of B (x, ^J. Using the lemma 
chain C = (zi, . . . , z m ) such that for all j £ {2, . . . ,m — 1}, Zj £ X and /(C) ^ |a/ — +e ^ 
r\). We chose j G {2, . . . , m — 1}. The lemma [2 . 1 . 5 1 gi ves 

r ^ /(C) > ||z,-+i —Zj\\^ fJ-Qzj+i - zj\ x ) > - - min {7rsinhr , \z j+1 - Zj\ x } 

Thus \p(z j+1 ) -p( Zj )\ x = - Zj \ x ^ \\ Zj+1 _ 2j .|| 

If a; = Z\ is a point of X the same proof gives \p(z'z) — p(z\)\ x ^ 27r ' \\z-2 — On 
the other hand, if x belongs to a cone d, then the lemma [2 . 1 . 4 1 gives the same inequality. By 
the same way we obtain \p(z m ) — p(z m -i)\ x ^ 2lT r ° \\z m — Zm— 1||. Finally, we have 

m— l 2 ' h m— ^ 

|p(s')-p(a;)| x < X] IK*j+i)-p(zj)lx < Trsin r ^ _ ^ 

j=l 2=1 

27T sinh r 



27r sinh ro 



x \x+ £ ) 



Hence \p(x')-p(x)\ x ^^^\x'-x\ x . □ 

3.2 Uniform approximation of the distance on the cone-off 

In order to study the ultra limit of a sequence of cone-off, we need to approximate the distance 
between two points of the cone-off X by a chain such that the number of points involved in the 
chain only depends on the error and not on the base space X. This point was already noted 
by M. Gromov in [GroOlb] , More precisely, in this section we prove the following result: 

Proposition 3.2.1. Let A ^ 1. There exists a constant M, depending only on A and not on 
ro, with the following property. Let e G]0, 1[, X be a metric space and Y — (Yi)i£i a collection of 
subsets of X . If x and x' are two points of the cone-off X(Y) such that \x' — x\ x ^ A, then there 
exists a chain C between x and x' with less than ^= points and such that 1(C) ^ \x' — x\ x +e. 

Proof . Let e £]0, 1[. Let x and x' be two points of X such that \x' — x\ x ^ A. Using the lemma 
3.1.4| there is a chain C = (zi, . . . , z n ) between x and x' such that 1(C) ^ \x' — x\ x + §£ and 
for all j £ {2, . ..,n — 1}, Zj £ X. We fix r\ £]0, 1[, and construct a subchain of C between x 
and x' , denoted by C v = (zj 1 , . . . , Zj m ). 

(i) ji = 1 and j 2 = 2 

(ii) Let k ^ 2. We construct jk+i from j k . 

- If jk < n — 1 and \z jk + i — Zj k \ x > 77, then j k +i = jk + 1. 

- If jk < n - 1 and |z Jfc+ i - ZjJ x < ?7, then j k +i is the largest j £ {j k , ■ ..,n— 1} 
such that |zj — Zjfcljf ^ ?7 
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- If jk = n — 1, then jk+i = n and the process stops. 

This construction removes from C the small parts of the chain which may be contained in 
a cone. We prove now that it hardly changes the length of the chain. 

Lemma 3.2.2 (Comparison between the two chains). The chains C v and C satisfy the fol- 
lowing inequality: l(C v ) ^ 1(C) + mrf 

Proof. We consider an integer k 6 {1, . . . , m — 2}. There are two cases 



2.1.5 



First case: Assume that |z Jfc+1 — Zj k \ x ^ V- The function fi given by the proposition 
has the following property: Vi G [0, 7rsinhro], /i(t) ^ t — t s . Thus using the subadditivity of fj, 
we obtain 



jij+i-J- Jk+i- 

Yl vQzj+i ~Zj\ x ) > Khwi - z ik\ x ) > \ z n+x ~ z ik\ x -\ z ik+i - z Jk 



Thus we have £i=i£ 1 \\z j+ i - Zj\\ ^ \\z jk+1 - z jk \\ - j? 3 

Second case: Assume that \zj k+1 — z j k \ x > V- By construction, we have jk+i = jk + 1. 
Hence the last inequality remains true. 

After summing over k these inequalities, we finally obtain 1(C) ^ l(Cn) — mrf . □ 
Lemma 3.2.3 (Estimation of to). If r\ |, then m ^ 100^. 

Proof. Let k G {2, . . . , to— 3}. The two inequalities \zj k+1 — Zj k | ^ an d \zj k+2 — Zj^+i | x ^ 
cannot be both true. Indeed, if it was the case, jk+i will not be the largest j £ {jk, ■ ■ ■ , n— 1} 
such that \zj — Zj k \ x ^ r\. Assume that — z ik\ x -* I 7 ? (The other case is symmetric.) 

Using the same estimation of fi that the one in previous lemma, we obtain 



+ 1 - Z J k \\ > K\ Z J k + l - Z 3k\ X ) > ^\ n ~\ 



3 

n 



Thus — Zj k II + |Uj fc+2 — z j k+1 I ^ I 7 ? - I 7 ? 3 - After summing over fc, the previous lemma 



fc+ 
gives 



Qr? " < l(C v ) < 1(C) + mr? 3 < |a/ - x\ x + + mv? 



m — 4 






2 







Finally we have the following inequality 



to (4- 17r/ 2 ) 50- 
77 



Hence, if r\ ?C |, then 4 — I7rf |. It follows that m must be bounded by 100^. □ 



End of the proof of the proposition |3.2.1| Combining the two previous lemmas, we 
obtain 



l(C v ) < 1(C) + m V 3 sC \x - x\ x + + 100 A v 2 



If we chose r] — jnx/^, then we have l(C v ) ^ \x' — x\ x +e. Moreover the number m of points 



10 V 2A' U11C11 wc "™ vc '^1) ^ 1-" °"lx 

3.3 Hyperbolicity of the cone-off over an R-tree 

Proposition 3.3.1. Let X be an R-tree and Y = (Yi)igj a collection of subtrees of X such that 
two distinct elements ofY share no more than one point. The cone-off X(Y) is In 3-hyperbolic. 

Remark : In fact X(Y) is a CAT(-l) space. But we should not use this point. 
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This result is a consequence of the more particular case where Y is finite. 

Lemma 3.3.2. Consider a R-tree, X and a finite collection Y = (li)iei of subtrees of X such 
that two distinct elements ofY share no more than one point. The cone- off X(Y) is CAT(-l). 
In particular it is In 3-hyperbolic. 

Proof. Each Yi is an R-tree, thus all the cones C(Yi) are CAT(-l) (cf. lemma [2.2. 2\ . Conse- 
quently the cone-off X is obtained by gluing a finite number of CAT(-l)-spaces that share no 
more than one points. This spaces are the cones and the remaining parts of X on which no 
cone is glued. It follows that X is CAT(-l) (cf |BH99I Chap 11.11 Th. 11.1]). □ 

Proof of the proposition \3. 3. I\ Let x, y, z and t be four points of X. For all n £ N, we can 
find a subtree X n of X and a finite collection Y n of subtrees of X n such that 

- two distinct elements of Y n share no more than one point 

- x, y, z, t belongs to X n (Y n ) 

- for all u, v € {x, y, z, t}, we have lim n ^+<x \v — u\ + = \v — u\-y 



Since X n is ln3-hyperbolic (lemma 3.3.2 l, x,y,z,t satisfy in these spaces the hyperbolicity 



condition. After taking the limit we obtain in X, (x,z) t ^ min {(a;, y) t , {y, z) t } — ln3 □ 

3.4 Hyperbolicity of the cone-off over a hyperbolic space 

In this section, we generalize the previous proposition to the case where the base X is a 
hyperbolic space. Let 5 be a positive number. We consider a geodesic <5-hyperbolic space X 
and a collection Y = (Yi)i£i of closed 105-quasi-convex subsets of X. In order to estimate the 
hyperbolicity of X(Y), we introduce a constant which controls how much two elements of Y 
overlap. 

Definition 3.4.1. The largest piece of Y , denoted by A(Y) is the quantity 

A(Y) = supdiam (V+ 204 n Y+ 206 ) 

Assume that X is an R-tree, then A(Y) is zero if and only if two distinct elements of Y 
share no more than one point. 

Theorem 3.4.2 (Second hyperbolicity theorem). Let e > 0. There exist 8, A > satisfying 
the following properties. Consider a geodesic, 5-hyperbolic space X and a collection Y = (Y^)j g j 
of 106 -quasi- convex subsets of X, such that A(Y) ^ A. If Xq is a point of the cone-off X(Y) 
whose distance to any vertex is greater than , then the ball B (xq, ^-J is (In 3 + e) -hyperbolic. 

Remark : : This theorem is an extension of the proposition |3.3.1~| for 5-pertubated spaces. 
Thus it is possible prove that X(Y) that satisfies the CAT(-l) conditions with a small error, 
that depends only on S, A and p. M. Gromov introduced in [GroOlb the notion of CAT(-l,e)- 
spaces that formalizes this idea. It was also developed in |DG08] . Since we are only interested 
in the hyperbolicity of X(Y), we will not use it. 

In [GroOlbl Hyperbolic coning lemma], M. Gromov give a quantitative proof of this result. 
Here, we use an asymptotic point of view, that provides an qualitative version of the theorem. 
The strategy is the following. Assuming that this theorem is false gives a family X n of <5„- 
hyperbolic counter-examples with 8 n tending to zero. Taking the limit gives the cone off over 
a R-tree which we already know that it is In 3-hyperbolic. This is a contradiction according 
to the corollary |1.1.4| The point is to construct a local isometry between the cone-off over the 
ultra-limit of (X n ) and the ultra-limit of the cones-off over (X n ). 

Proof. Assume that the theorem is false. Then for all n G N, we can find 

(i) a geodesic, 5 n -hyperbolic space X n , with 5 n = o(l) 

(ii) a collection Y n = {Y n ,i n )i n £i n of 105 n -quasi-convex subsets of X n , with A(Y n ) = o(l) 

(iii) a point x% £ X n (Y n ) whose distance to any vertex is greater than ^ and such that the 
ball B (x„, is not (In 3 + e)-hyperbolic. 

We fix a non- principal ultra-filter lo in order to study the limit space lim^ (^X n ,x^. First 
we introduce several objects. 
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- x° = lim„ x n 

- X = ]im w (X n ,p n (x° n )) 

- I — n n6 N/„/ ~ where ~ is the equivalence relation defined by i ~ j if i„ — j„, tj-almost 
surely 

- If i is a sequence of n„, S N/ n , we define Y; = lim^ Y n ,i n 

Lemma 3.4.3. Let i — (i n ) and j — (J n ) be two sequences o/n n gN/ n . If i n = j n , Lu-almost 
surely, then Yi — Yj otherwise, diam (Yj D Yj) — 0. 

Proof. If i n — j n , tj-almost surely, the equality Yi = Yj follows from the definition of 
the u>-limit of a sequence of subsets. In the other case, we have i n 7^ j„, u>- alm ost surely. 
Hence diam \Y+™ Sn Y+]° Sn ) < A„, w-almost surely. Thus, the corollary 

diam (Yj n Yj) sC lim w diam (y+?° 5 " n Y+™ 5 A = 0. 



1.2.5 



gives that 
□ 



Thanks to the previous lemma, we may consider the collection Y = (Yj)jgr. 
Lemma 3.4.4. The cone- off X(Y) is CAT(-l), hence ln3-hyperbolic. 

Proof. Since for all n £ N, X n is geodesic and <5 n -hyperbolic with S„ = o(l), X is an R-tree. 
Furthermore, any Y n> i n is a l(W„-quasi-convex subset of X n . Thanks to the previous lemma, Y 
is a collection of subtrees such that two distinct elements of Y share no more than one point. 



Applying the proposition 3.3.1 X(Y) is ln3-hyperbolic. □ 



The next step consists to produce a local isometry between X(Y), the cone-off over lim„ X n 
and lim^ (^X n ,x n ^j. For this reason we introduce the following maps. 

i>: X -> lim u X n in: C(Y) -> lim w X„ 

lim w a:„ — > lim„x n (lim w y„,r) — > \im u {y n ,r) 

These maps induce an application tp from X to lim^Xn, such that its restriction to X 
(respectively C(Y)) is ip (respectively ?/>;). In a first time we prove that this map is 1-lipschitz, 
then we prove that it induces a local isometry. 

Lemma 3.4.5. Let x and x' two points of X. We have \\x' — x|| ^ |v>(£') — ^(aOl- 

Proof. We distinguish three cases. 

(i) Assume that there is i £ I such that x,x £ C{Yi). Then we can write x = (y,r) and 
(x' , r') where y = lim^ y n and y' — lim„ y'„ are two points of Yj. In this situation we have 

\\x' — x\\ = \x' — x\ c , Y .) = ar ccosh (cosh r cosh r — sinhr sinhr' cos 8 (y, y')) 
By continuity, it gives. 

I J as' — a;|| = limarccosh (cosh r cosh r — sinhr sinhr' cos 6 (y n , y'n)) 
= Km\(y' n ,r') - (y n ,r)\ c(x ^ 
> lim|(^,r') - (l/n,r)L 
= |^>(a/) — ift(x)\ 

(ii) Assume x = lim^ x n and x' = lim^ x' n belong to X, but there is no i £ I such that x, x' G 
Yi. In this case \\x' — x\\ — \x' — x\ x = lim^ \x' n — x n \ x ■ However, for all n £ N, we 

have \x' n — x n \ x \x' n — x„\ x . Thus \\x' — x\\ lim^ \x' n — x n \ x = \ip(x') — ip(x) . 

(iii) In all other cases, ||a;' — x\\ — +00. There is nothing to prove. 

□ 

Corollary 3.4.6. The map yj : X — > lim w X n is 1-Lipschitz, where X is the cone-off over 
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Proof. Let x and x' be two points of X. Consider a chain C = (zi, ... z m ) of points of X 
between x and x' . Using the previous lemma, we have 

m— 1 m—1 

\i){x') - ip(x)\ «; ^ I^Oj+i) - < ||^( 2: i+ 1 ) ~ ^( Z i)\\ = KC) 

3 = 1 3=1 

After taking the infimum over all chains between x and x', we obtain |v>(a/) — ip(x)\ ^ 
\x'-x\ x . □ 

We now construct a partial inverse function of vb. 

Lemma 3.4.7. There is a map cp : B (ir , ^) C lim^ X n — > X such that <p induces a bisection 
onto the ball B (ip(x°), -y-), whose inverse is ip. 

Proof. Let x — lim^ x n be a point of B (a; , By construction, the distance between x„ 
and any vertex of X„ is greater than ^ . Thus applying the lemma 



3.1.8 



we have 



I ( \ _ C " 1 1 <r 27r sirmr o I oi 

Prolan] Pnl^nJ -v- ^ -En X n ■ 

It follows that ^|pn(a;n) — p n (x'i)\ x ^ is ^-essentially bounded. Hence lim^ p n {x n ) defines a 
point in X. We now distinguish two cases 

(i) If there is i G / such that x n belongs to C(Y n ^ n ) tj-almost surely, then x n can be written 
x n = (pn(x n ), r n ) ^-almost surely. Since (r n ) is bounded, we may introduce r = lim^ r n . 
We define tp(x) as the point (lim„ p n (x n ), r) of C(Yi). 

(ii) If x n belongs to X n tj-almost surely, then we define <p(x) as the point Yim^ p n (x n ) of X. 
The properties of are satisfied. □ 

Lemma 3.4.8. Let x = lim^ x n and x' = lim^ x' n be two points of B (xP , ^) such that 
{\\x' n — x n \\) is uj-essentially bounded. Then lim^ \\x' n — x n \\ ^ ||iyi(a;') — <^(x)||. 

Proof. We distinguish two cases 
(i) If there is i G / such that x n and x' n belongs to C(Y n>in ) oj-almost surely, then \\x' n — x n \\ = 
lc(r„, 4 „) 



\<p{x) - 95(x)| 0(n) ^ ||<£(a;') - tp(x)\ 



Thus lim^ ||a;^ — x n \\ ^ llvH 2 '') — y>(a;)||. 

(ii) If x n ,x' n G X„ ^-almost surely, but there is no i G I such that x n and x' n belongs to 
C(Yn,in) w-almost surely, then \\x' n — a; n || = \x' n — x„\ x o;-almost surely. In this case we 
have 

lim \x' n — x n\x n = I^OO — <P{ X )\ X ^ H'rfK 35 ') — ( ^( :E )|| 
Thus lim^ \\x' n — x n \\ H^H 3 -') — vH^OH- 

□ 



The following corollary is the one that uses the uniform approximation of the distance on 
the cone-off. Indeed, if x = lim„ x n and x = lim„ x' n are two points B y), we can find 
for each n a chain C„ of X n that approximates \x' n — x n \ with a given error. However it is 
difficult to give a sense to the oj-limit of C„ if the number of points of C n is not uniformly 
bounded. That is why we previously proved the proposition |3. 2.1] 

Corollary 3.4.9. The restriction of ip to the ball B (x°, is 1-Lipschitz 

Proof. Consider two points x = lim„ x n and x = lim^ x' n of B^x ,^). Let e G ]0>if[- 
Applying the proposition |3.2.1| there is a number m depending only of ro such that for all 
n G N, there is a chain C„ = (z„, ■ ■ ■ , z™) between x n and x' n with l(C n ) ^ \x' n — x n \ x + e. 
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Notice that for all 1 ^ j m, \z 3 n — x%\ x ^ \x n — x^\ x +l(C n ) ^ ^r. Thus we can introduce 
the points z° = lim^ z 3 n . The previous lemma gives 

m — 1 

\<p(x') - (p(x)\ x ^ ^2 Vi(p(z j+1 ) - tfiiz 3 )^ < liml(C n ) < lim|a4 - %n\ Xn + e 

Hence for all £ £ ] 0, ^ [, we have |<p(a;') — (^(a;)^ ^ \x' — x\ + e. Finally <p is 1-Lipschitz. □ 

Corollary 3.4.10. The map ifi induces an isometry from the ball B (a: , ^) onto its image. 

Proof. We already know that tp is a 1-Lipschitz bijection from B (a; , ^) onto its image. 
However its inverse function ij) is also 1-Lipschitz. Finally ip preserves the distances. □ 

End of the proof of the theorem We just have proved that B (x° , ^) is isometric 
to a subset of X(Y,ro). Since X(Y,ro) is In 3- hyperbolic, so is B (a: , ^) = lim„ B 
Consequently there exists n £ N such that B (x^ , ^) is (In 3 + e)-hyperbolic. Contradiction. 

□ 

3.5 Length structure on the cone-off 

In order to apply the Cartan-Hadamard theorem, we need a length structure on the cone-off. 
But the metric | . \j ( is not necessary a length metric. We study here the difference between 
\ ■ \x an d the length metric d x induced by | . \ x . We will see that d x hardly change the 
geometry of X. Thus if (X, | . |^) is hyperbolic, then so is (X,d x ). 

From now on, X is a geodesic, (5-hyperbolic space, and Y = (Yi)i^i a collection of strongly 
quasi-convex subsets of X. We recall that a strongly quasi-convex set Yi satisfies the following 
property: for all x, x' £ Yi there exist y, y' £ Yi such that the path [x, y\VJ[y, y']VJ[y' , x'] C Yi and 
\y — x \ , \y' — x'\ ^ 105. In particular this condition is satisfied if Yi is a cylinder (proposition 
1.2.81. X(Y) is the cone-off constructed as in section [3] 



Lemma 3.5.1. Let i £ I. For all x, x' £ C(Yi), we have d (x, x') ^ \x' — x \q(y •) + 40(5 



Proof. We denote by x — (y,r) and x — (y',r') two points of the cone C(Yi). We have 
assumed that Yi was strongly quasi-convex, thus we can find two points z and 2' in Yi such 
that the geodesies [y,z], [z,z'] and [z',y'] are contained in Yi and \z — y\ x , \z — y'\ x ^ 108. 



Tanks to the proposition 2.1.3 we can find a geodesic Co (respectively c, c ) between 
(z,r) and (z',r') (respectively between (y,r) and (z,r), between {y',r') and (z',r')). Since 
\z-y\ x ,\z' -y'\ x < 108, we have \(z, r) - (y, r)| 0(y<) , \(z', r') - (y', r')\ c(Yi) < 108. It fol- 
lows that \(z',r') — (z, r)\ c(Y x ^ \x' — x\ C ( Y .) + 205. 

Thus, by composing the geodesies c, Co and c', we obtain a path from x to a;' whose length 
is no more than \x' — x\ c , Y .^. + 40(5. □ 

Corollary 3.5.2. For all x, x' £ X , we have d (x, x') ^ \\x' — x\\ + 40(5. 

Proof. Let x and x' be two points of X. We distinguish three cases : 

- If there exists i £ I such that a:, a;' £ C(Y;), then \\x' — x\\ = \x' — x\ c , Y _^. Thus the 
inequality is given by the previous lemma. 

- If a;, a;' £ X, but there is no i € I such that a;, 3/ £ C(Y;). In this case, \\x' — x\\ = 
\x' — x\ x . There is a geodesic of X between x and x'. It gives a path in X, whose length 
is no more than \x' — x\ x . It follows that d(x,y) ^ \\x' — x\\. 

- In all the other cases, \\x' — x\\ = +00. There is nothing to prove. 

□ 

Proposition 3.5.3. Let A 1. There exists a constant c(A), depending only on A and not 
on ro, with the following property. Let 8 £ ]0, 1[. If X is a geodesic, 8-hyperbolic space, and 
Y = (Yi)i£i a collection of strongly quasi-convex subsets of X. Then for all x,x' £ X(Y), such 
that \x' — x\ x ^ A, we have: 

\x' — x\ x ^ d(a;,x') 5; |a/ — + c(A)VS 
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Proof. Let x and x' be two points of X such that \x' — ^ A. Using the proposition 3.2.1 
there exists a constant M(A), an integer m M ^ an d a chain C = (zi, . . . ,z m ) between x 



and x' such that 1(C) ^ \x' — x\y + 5. Thanks to the corollary 



3.5.2 



we have 



d(x,x) < d ( z i> z i+-t) < '(C) +40m5 sC | a;' - + <5 + 40M(A)V5. 

j=i 

The other inequality \x' — x\y ^ d (x, x') is just a consequence of the definition of the length 



structure. 



□ 



Finally the identity map from (^X, | . |j onto (^X,ctj is a local (1, c(A)\/<5)-quasi-isometry. 

tells us that if (^X, I - |J is 5-hyperbolic, then ^X, 



1.0.3 



Hence, the proposition 
hyperbolic with 5' — 5 + 3c(A)\/~5. 



d) is 6'- 



4 Small cancellation theory 
4.1 Orbifold 

We introduce in the section vocabulary about orbifolds. For more details about these objects 
see |BH99I Part III Q\ 

Definition and length structure 

Definition 4.1.1 (Rigidity). The action of a group G on a topological space X is rigid if it 
satisfies the following property : for all g £ G if there is an open U C X such that g \ v = idjy 
then g = 1. 

Definition 4.1.2 (Orbifold). Let Q be a topological space. We say that Q is an orbifold if 
there exists a collection (Ui, (pi) ieI , where Ui is a topological space and tfii a continuous map 
from Ui into Q satisfying the following properties. 

(i) Q = U ieI v>m)- 

(ii) For all y £ ifi(Ui), for all x G ip~ ({y}), there exists a finite, rigid group of homeo- 
morphisms of Ui, G x , fixing x, such that for all g £ G x , <fii ° g — <fli and such that the 
restriction of tfii to a neighbourhood of x, V x , induces a homeomorphism from V x /G x 
onto its image. 

(Hi) For all Xi £ Ui and Xj £ Uj, such that ipi[xi) — (pj(xj), there exists a homeomorphism 
from a neighbourhood of Xi onto a neighbourhood of Xj such that <pi — ipj o 9j t i. 

(iv) For all i (z I, ifi lifts paths and homotopies, i.e. if c : [0, 1] — » Q (respectively H : [0, 1] X 
[0, 1] — > Q) is a continuous path (respectively a homotopy), there exists = to < ■ • • < 
t p = 1 a subdivision of[0, 1] (respectively = to < • • • < t p = 1 and = Uo < • • • < U q = 1 
subdivisions of [0, 1\) such that C\[t r ,t T+1 ] (respectively -ff |[t,.,t r+1 ]x[u 3 ,u s+ i]J Hft s i n one °f 
the Ui. 

Vocabulary : (Ui,<fii) is called a chart of Q. The set of charts is an atlas. The map Qj^ is 
a transition map, and the group G x is an isotropy group. 

Definition 4.1.3 (Length structure). The orbifold defined as above is endowed with a length 
structure if 

(i) The spaces Ui are endowed with a length structure. 

(ii) For all x £ Ui, the isotropy group G x is an isometry group. 

(Hi) The transition maps 6j t i are isometries. 

In this case, we can measure the length of a path, by measuring the length of its lift. 

Definition 4.1.4 (cr-useful length structure). Let a be a positive number. The length structure 
defined as above is said to be rj-useful if for all y £ Q, there exists a chart (Ui, ipi) and a point 
x £ ip^ 1 ({y}), such that 

(i) the restriction (fit : B(x,a) — > B(y,a) is onto. 

(ii) this restriction lifts the paths starting in x, which lengths are less than ^. 
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(Hi) this restriction lifts the homotopies H : [0, 1] X [0, 1] — > Q satisfying H(0, 0) = x, and for 
all to £ [0,1] (respectively Uo £ [0,1]) the length of the path u —> H(to,u) (respectively 
t — > H(t,Uo)) is shorter than ^. 

(Ui,(fii,x) is called a a-useful chart. 

Definition 4.1.5 (cr-locally 5-hyperbolic length structure). Let a > and 5 > 0. The a-useful 
length structure defined as above is said to be a-locally S-hyperbolic if for all y £ Q, there exists 
a a-useful chart (Ui,tfii,x) such that the ball B(x,a) is S-hyperbolic. 

Topology of orbifolds 

If Q is an orbifold, we can define the <J-paths and the homotopy of two (J-paths. ( c f. [BH99 
or |DG08] 1. This leads to the definition of the fundamental group the orbifold Q denoted by 
7r° lb (Q). We may also define the notion of covering and universal covering of Q in the sense 
of orbifolds. (cf. |BH99] 1 

Example : Let X be a geodesic space and G a group whose action on X is rigid and proper. 
We denote by Q the quotient X/G, and by q : X — > Q the canonical projection. Q may be 
endowed with an orbifold structure with one chart (X,q). Indeed, for all x £ X, the isotropy 
group G x is necessary finite. Moreover q induces a local isometry from X/G x onto its image. If 
X is simply connected, the map q : X — > Q is also the universal cover of Q and G = Tv° lh (Q). 
Such an orbifold is said to be developable. 

Cartan Hadamard Theorem 

Theorem 4.1.6 f |DG08l The. 4.3.1] ). Let S > and a > 10 5 S. Consider an orbifold Q with 
a a-locally S-hyperbolic length structure. 

- Q is developable and its universal cover X is 200(5 -hyperbolic. 

- Let (U, <fi, x) be a a-useful chart. If z is a pre image in X of the point y = <fi(x), then the 
developing map (U,x) — > (X, z) induces an isometry from B (x, onto its image. 

4.2 Statement of the very small cancellation theorem 

Notation : If G is a group acting on a space X, and Y a subset of X, we denote by Stab (Y) 
the subgroup of G that preserves Y, i.e. 

St & b(Y) = {geG/gY = Y} 

Definition 4.2.1 (Rotation family). Let (Hi) i€I be a family of subgroups of G and (Yi)i<zi a 
pairwise distinct collection of sub spaces of X. We say that (Yi, flj)jgj is a rotation family if 

(i) for all i £ I , Hi is a finite index normal subgroup o/Stab(Yi) 

(ii) there is an action of G on I which is compatible with the one on X, that is for all g £ G 
and i £ I, we have Y g i = gYi and H g i = gHig^ 1 . 

Theorem 4.2.2 (Very small cancellation theorem). There exist two positive numbers So and 
Ao satisfying the following property. 

Let X be a geodesic, simply connected, S-hyperbolic space and G a group acting properly, 
by isometries on X. Let (Yi, Hi)i£i be a rotation family, such that each Yi is strongly- quasi- 
convex. Let p — minig/ r;„ 3 (Hi, X), N the normal subgroup of G generated by the Hi 's and G 
the quotient group G/N. Assume also that 

s c , A(y) 

- < So and y ' < A 
P P 

Then, there exists a simply connected, hyperbolic, metric space X such that G acts properly 
by isometries on X. 

Moreover if G (respectively Hi) acts co- compactly on X (respectively Yi) and I/G is finite, 
then X/G is compact. In particular G is hyperbolic. 

Remark : In this theorem, A(Y) and p respectively play the role of the length of the largest 
piece and the length of the smallest relation in the usual small cancellation theory. 

It is important to notice that the constants So and Ao are independent from the space X. 
This is useful in order to construct by iteration a sequence of hyperbolic groups, as it is done 
in |Gro03j . |DG08] or |AP] , 
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4.3 Proof of the very small cancellation theorem 

Construction of an orbifold 

First we have to fix several constants in order to apply the Cartan-Hadamard theorem 



(4.1.6l and the two hyperbolicity theorems (2.3.2 and 3.4.21 



We consider a positive number e and chose a radius ro such that ro > 10 6 (In 3 + e). With 
such constants we can apply the Cartan-Hadamard theorem to a ^-locally (In 3+e)-hyperbolic 
orbifold. Using the proposition |1.0.3| there exists a positive number r/ with the following 
property. Consider two metric spaces X and X' and a (1, 7/)-quasi-isometry / : X — * X' . If X' 
is (in 3 + |)-hyperbolic then X is (In 3 + e)-hyperbolic. Prom now on we will work with the 
rescaled metric space X p — 27rs '^ hr ° X. Thus for all i G I, ri n] (Hi,X r ) ^ 27rsinhro. 



We can find So, Ao > only depending of ro and e such that if - ^ So and A ^ y - > ^ Ao, then 
(i) Assume that xq is a point of X P (Y), whose distance to a vertex is at least then the 



ball B in, a 



(xq, ^) of (^X p , | . \jr ^ is (ln3+ |)-hyperbolic. (theorem 



3.4.21 



(ii) For all i g I the cone C(Yi)/Hi is (in 3 + |)-hyperbolic. (theorem 2.3.2 I. 

(iii) The identity map from (^X p ,ctj o nto (^ X p , I ■ |) restricted to any ball of radius ro is a 
(1, 77)-quasi-isometry. (proposition |3. 5. 3t . 

Thus if xq is a point of X P (Y), whose distance to a vertex is at least the ball B (xo, yjj) 
of (^X p , ctj is (ln3 + £)-hyperbolic and for all i £ /, the cones C(Yi)/ Hi with the length metric 
are (In 3 + e)-hyperbolic. 

Lemma 4.3.1. The action of G on X p extends to an action by isometries of G on X p . 

Proof. We define this action such that its restriction to X p is the action of G on X. Let i £ I. 
Consider a point x = (y, r) of C(Yi) and an element g of G. We define g.x as the point (gy, r) 
of C(Yg.i). We check that for all x,x' G X p and for all g G G we have \\gx' — gx\\ = \\x' — x\\. 
It follows that the action of G preserves the distances | • |jf p and d. □ 

From now on, we denoted by Q the quotient space X P (Y)/G endowed with the quotient 
topology. The canonical projection X p — > Q is denoted by q. Then we introduce two kind of 
charts 

- The first one is (U, q) where U is the cone-off X P (Y) from which we have removed the 
vertices. 

- Let i g I, we define Ui = (C(ii) \ u(Yi)) /Hi. The composition C(Yi) -> X p -> Q 
induces an application qi : Ui — > Q. The second type of charts is (Ui, qi). 

Lemma 4.3.2. The charts defined previously endow Q with a structure of orbifold. 

Proof. The action of G on U is proper. Moreover the stabilizer of the vertex Vi of the cone 
Ui is exactly the finite group Stab(yi) /Hi. We check that the atlas (U,q), (Ui,qi) defines a 
structure of orbifold on Q. □ 



Properties of the orbifold Q 

Lemma 4.3.3. The structure of orbifold on Q defined as above is ^-locally (In 3 + e)- 
hyperbolic. 

Proof. It is a consequence of the two hyperbolicity theorem: the constants <5o and Ao have 
been chosen in such a way, that the structure of orbifold is ^-locally (In 3 + e)-hyperbolic. □ 

Corollary 4.3.4. The orbifold Q is developable and its universal cover X is & -hyperbolic, with 
<5 = 200(ln3 + e). 

Proof. This is an application of the Cartan-Hadamard theorem |4.1.6| to the orbifold Q with 
his ^j-locally (In 3 + e)-hyperbolic length structure. □ 

Proposition 4.3.5. The group G acts properly by isometries on X. 



20 



Proof. We prove that G = 7r° rb (Q). The charts U and Ui are simply connected. Hence 
nT h (U/G) = G and nT h {Ui/ (Stab (Yi) /Hi)) = Stab (Yi) /Hi. Applying to Q the Van Kam- 
pen's theorem for orbifolds, we obtain 7r° rb (Q) = Stab (Yi) /Hi *stab(y;) G — G. Thus G acts 
properly on X. □ 

Proposition 4.3.6. If G (respectively Hi) acts co-compactly on X (respectively Yi) and I/G 
is finite, then X/G is compact. In particular G is hyperbolic. 

Proof. Since there are, up to a translation by an element of G, a finite number of Yi, Q 
is obtained by gluing a finite number of compact cones, on the compact space X/G. Hence 
Q = X/G is compact. Finally the action of G on X is proper, co-compact. □ 



Theorem 4.3.7. Assume that X is a n-dimensionnal simplicial complex such that n ^ 
lO^lnWe) " V ever y ball of B(x,r) of X and Yi is homotopic to zero in B (^x,r + 27r sinh r ) 
then X is contractible. 



1.3.4 



Proof. We have seen that X is 5-hyperbolic with 5 = 200(ln3 + e). Using the corollary 
is sufficient to prove that for all r $C 4nS and for all x G X, the closed ball B(x, r) is homotopic 
to zero in B(x, r + 45). Let B(x, r) be such a ball. Thanks to the Cartan-Hadamard theorem, 
the developing map (V,x) — > (X,x) induces a homeomorphism of B (x, j^j) onto its image. 
Thus the ball B(x, r) lifts in one of the charts. It follows from the additional conditions on X 
that this ball is homotopic to zero in in B(x,r + A5). □ 



5 Examples of aspherical complexes 

In this section we explain how to construct examples of rotation families satisfying the very 
small cancellation assumptions. Let X be a proper geodesic 5-hyperbolic space and Y a closed 
convex subset of X. Let G be a group acting properly co-compactly by isometries on X, such 
that Stab (Y) acts co-compactly on Y. 

We are interested in the following rotation family (Q^i gHg~ ) gEQ , stah , Y )' where H is a 
subgroup of Stab (Y). 

In concrete situations, {diam (gY +20S n Y +20S ) ,g € G\Stab(Y)} may not be bounded. 
Nevertheless, in many situation, this assumption can be achieved by replacing G by a finite 
index subgroup of G. This uses, as explained in the next lemma, the profinite topology of 
groups. 

Lemma 5.1. If the subgroup Stab (Y) is closed in G for the profinite topology, then for all 
A there exists a finite index subgroup G' of G containing Stab (Y) such that for all g G G' , 
g e Stab (Y) if and only if diam (gY +20S n Y +2(M ) > A. 

Proof. Let K be a compact fundamental domain for the action of Stab (Y) on Y. Since the 
action of G is proper, the following set is finite. 

E = [g G G/diam {gK +A+30S n K +A+30S ) > a} 

We assumed that Stab (Y) was closed in G for the profinite topology. In other words 

Stab (Y) = P| Stab (Y) JV 

N<G 

[G:N]< + oo 

Hence there exists a finite index normal subgroup iV of G such that iSnStab (Y) .TV C Stab (Y). 
We denote by G' the set Stab (Y) .N. It is a finite index subgroup of G containing Stab(Y). 
Consider now g G G' , such that diam (gY +20S n Y +20S ) > A. Since A!" is a fundamental domain 
of Y, there exists four points of 7^+ 30<s + A j x,x',y and y' and two elements of Stab(Y), h and 
h! with the following properties : hx = gh'x' , hy = gh'y' and \y — x\ = \y' — x'\ > A. Thus, 
h~ 1 gti belongs to E n G' . But h and h' both belong to Stab (Y). Hence g G Stab (Y). □ 

In this context, the following result of N. Bergeron will be useful. 

Proposition 5.2 ( [BerOOl Lemme principal]). Let A be an algebraic subgroup of GL n (R) and 
G a finitely generated subgroup of GL n (R). Then AnG is closed in G for the profinite topology. 
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The second lemma explain how to find a subgroup H of Stab (Y) with an injectivity radius 
as large as desired. 

Lemma 5.3. If the group G is residually finite, then for all p > there exists a finite index 
normal subgroup H o/Stab(V), such that ri nJ (H,X) p. 

Proof. Let K be a compact fundamental domain for the action of G on X. Since the action 
of G is proper, the following set is finite. 

E={g€G/gK +p nK +p ^9} 

Moreover, G is residually finite. Hence there exists a finite index normal subgroup N of G 
such that E Pi N — {1}. Consider g G TV \ {1} and x £ X. By definition there exists h G G 
such that hx G K. But hgh' 1 belongs to TV \ {1}, thus hgh~ 1 K +p Pi K +p = 0. It follows 
that \gx — x\ = | (hgh~ 1 )hx — hx\ p. Hence [g] ^ p. Finally, we take for H the group 
TV n Stab (Y), □ 

Theorem 5.4. Zei H n denotes the real (respectively complex, quaternionic) hyperbolic space, 
and S its hyperbolicity constant. We consider Afc = SO(k, 1) (respectively SU(k, 1), Sp(k, 1) ) as 
the stabilizer o/Hfc in H n . Let G be a uniform lattice of A„ — SO(n, 1) (respectively SU(n, 1), 
Sp(n, I)). We assume that G PI Afc is a uniform lattice o/Afc. 

(i) There exists a finite index subgroup G of G such that the following set is bounded 

{diam( gHt 20S PI H+ 2M ) , g G G' \ A k } 

£ei Q 6e the space obtained by gluing a cone of base Hfc/G' PI Afc over H n /G . There 
is a finite index subgroup H of G' PI Afc and a contractible hyperbolic space X such that 
G' = G' I <C H 3> acis properly co-compactly on X, and Q = X/G' . 

Proof. Applying the proposition |5.2| Gn Afc is closed in G for the profmite topology. The first 
point follows from the lemma |5.1| 

We denote by A the upper bound of {diam (gil+ 20S n H+ 20,5 ) ,g G G\ A k }. It is known 
that a finitely generated subgroup of A n is residually finite. Using the lemma [5?3l there exists a 
finite index normal subgroup H of GnAfc, which injectivity radius is p, and such that S ^ 5op 
and A ^ Aop, where So and Aq are the constant given by the very small cancellation theorem 



(4.2.2 I. It follows that the rotation family [gilk, gHg ) ge c/GnA sa ti snes the hypotheses of 



the very small cancellation theorem. Thus there exists a hyperbolic space X such that G = 
G/ « f/ > acts properly by isometries on X and Q = X/G. Moreover since G (respectively H) 
is a uniform lattice of A n (respectively Afc) the action of G (respectively H) on H n (respectively 
Hfc) is co-compact. It follows that the action of G on X is co-compact. Finally every ball in 



H n or Hfc is homotopic to a point. Thus by applying the theorem 4.3.7 X is contractible. □ 



The next result is proved by the same way, it only uses an other kind of convex subset of 
H„. 

Theorem 5.5. Let H n (C) denotes the complex hyperbolic space, and 5 its hyperbolicity con- 
stant. We consider SO(n, 1) as the stabilizer of the n- dimensional hyperbolic space H n (R) in 
H„(C). Let G be a uniform lattice of SU(n, 1) such that G PI SO(n, 1) is also a uniform lattice 
ofSO(n,l). 

(i) There exists a finite index subgroup G' of G such that the following set is bounded 
{diam( g H n (R) +2,w PI H„(R) +2,W ), g G G' \ SO(n, 1)} 

(ii) We denote by Q the space obtained by gluing a cone of base H n (R)/G' Pi SO(n, 1) over 
H n /G'. There is a finite index subgroup H of G' PI SO(n, 1) and a contractible hyperbolic 
space X such that G' = G'/ <C H acts properly co-compactly on X, and Q = X/G' . 

Remark : In this last situation we may wonder if the group G' = G'/ H 3>, that we 
have produced, has or not the Kazhdan property (T). 



22 



References 



[AD] G. N. Arzhantseva and T. Delzant. Examples of random groups, preprint. 

[BerOO] Nicolas Bergeron. Premier nombre de Betti et spectre du laplacien de certaines 
varietes hyperboliques. Enseign. Math. (2), 46(1-2):109-137, 2000. 

[Ber03] N. Bergeron. Lefschetz properties for arithmetic real and complex hyperbolic man- 
ifolds. Int. Math. Res. Not., (20):1089-1122, 2003. 

[BH99] Martin R. Bridson and Andre Haefliger. Metric spaces of non-positive curvature, 
volume 319 of Grundlehren der Mathematischen Wissenschaften [Fundamental Prin- 
ciples of Mathematical Sciences]. Springer- Verlag, Berlin, 1999. 

[Bou71] N. Bourbaki. Elements de mathematique. Topologie generale. Chapitres 1 a 4- Her- 
mann, Paris, 1971. 

[CDP90] M. Coornaert, T. Delzant, and A. Papadopoulos. Geometrie et theorie des groupes, 
volume 1441 of Lecture Notes in Mathematics. Springer- Verlag, Berlin, 1990. Les 
groupes hyperboliques de Gromov. [Gromov hyperbolic groups], With an English 
summary. 

[Cou08] Remi Coulon. Hyperbolic spaces, stability of quasi-geodesics, quasi-convexity. Notes 
from a lecture in Bedlewo, 2008. 

[DG08] Thomas Delzant and Misha Gromov. Courbure mesoscopique et theorie de la toute 
petite simplification. J. Topol, l(4):804-836, 2008. 

[DruOl] Cornelia Dru^u. Cones asymptotiques et invariants de quasi-isometrie pour des 
espaces metriques hyperboliques. Ann. Inst. Fourier (Grenoble), 51(1):81— 97, 2001. 

[Dru02] Cornelia Dru^u. Quasi-isometry invariants and asymptotic cones. Internat. J. Alge- 
bra Comput., 12(l-2):99— 135, 2002. International Conference on Geometric and 
Combinatorial Methods in Group Theory and Semigroup Theory (Lincoln, NE, 
2000). 

[DS05] Cornelia Dru^u and Mark Sapir. Tree-graded spaces and asymptotic cones of groups. 
Topology, 44(5):959-1058, 2005. With an appendix by Denis Osin and Sapir. 

[GdlH90] E. Ghys and P. de la Harpe. Sur les groupes hyperboliques d'apres Mikhael Gromov, 
volume 83 of Progress in Mathematics. Birkhauser Boston Inc., Boston, MA, 1990. 
Papers from the Swiss Seminar on Hyperbolic Groups held in Bern, 1988. 

[Gro87] M. Gromov. Hyperbolic groups. In Essays in group theory, volume 8 of Math. Sci. 
Res. Inst. Publ., pages 75-263. Springer, New York, 1987. 

[GroOla] M. Gromov. CAT(K)-spaces: construction and concentration. Zap. Nauchn. Sem. 

S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI), 280(Geom. i Topol. 7):100-140, 
299-300, 2001. 

[GroOlb] Misha Gromov. Mesoscopic curvature and hyperbolicity. In Global differential geom- 
etry: the mathematical legacy of Alfred Gray (Bilbao, 2000), volume 288 of Contemp. 
Math., pages 58-69. Amer. Math. Soc, Providence, RI, 2001. 

[Gro03] M. Gromov. Random walk in random groups. Geom. Fund. Anal., 13(1):73-146, 
2003. 

[LS77] Roger C. Lyndon and Paul E. Schupp. Combinatorial group theory. Springer- Verlag, 
Berlin, 1977. Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 89. 

[01'91] A. Yu. Ol'shanskii. Geometry of defining relations in groups, volume 70 of Math- 
ematics and its Applications (Soviet Series). Kluwer Academic Publishers Group, 
Dordrecht, 1991. Translated from the 1989 Russian original by Yu. A. Bakhturin. 

[O1106] Yann Ollivier. On a small cancellation theorem of Gromov. Bull. Belg. Math. Soc. 
Simon Stevin, 13(l):75-89, 2006. 

[Pap96] P. Papasoglu. On the asymptotic cone of groups satisfying a quadratic isoperimetric 
inequality. J. Differential Geom., 44(4):789-806, 1996. 

[Whi41] J. H. C. Whitehead. On adding relations to homotopy groups. Ann. of Math. (2), 
42:409-428, 1941. 

[Whi46] J. H. C. Whitehead. Note on a previous paper entitled "On adding relations to 
homotopy groups.". Ann. of Math. (2), 47:806-810, 1946. 

Remi Coulon: IRMA, Universite de Strasbourg, 7 rue Rene Descartes, 67084 Strasbourg Cedex, 
France; coulon@math . u-strasbg . f r. 



23 



